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Mathematics II 1 

 2 

Introduction 3 

The focus of Mathematics II is on quadratic expressions, equations, and 4 

functions, and comparing their characteristics and behavior to those of linear and 5 

exponential relationships from Mathematics I. The need for extending the set of rational 6 

numbers arises and real and complex numbers are introduced. The link between 7 

probability and data is explored through conditional probability and counting methods, 8 

including their use in making and evaluating decisions. The study of similarity leads to 9 

an understanding of right triangle trigonometry and connects to quadratics through 10 

Pythagorean relationships. Circles, with their quadratic algebraic representations, round 11 

out the course. The courses of the Integrated Pathway follow the structure began in the 12 

K-8 standards of presenting mathematics as a coherent subject, mixing standards from 13 

various conceptual categories. 14 

The standards in the integrated Mathematics II course come from the following 15 

conceptual categories: Modeling, Functions, Number and Quantity, Algebra, Geometry, 16 

and Statistics and Probability.  The content of the course will be expanded upon below 17 

according to these conceptual categories, but teachers and administrators alike should 18 

note that the standards are not topics to be checked off a list during isolated units of 19 

instruction, but rather content that should be present throughout the school year through 20 

rich instructional experiences. In addition, the standards should not necessarily be 21 

taught in the order in which they appear here, but rather in a coherent manner. 22 

 23 

What Students learn in Mathematics II 24 

Overview 25 

In Mathematics II, students extend the laws of exponents to rational exponents 26 

and explore distinctions between rational and irrational numbers by considering their 27 

decimal representations. Students learn that when quadratic equations do not have real 28 

solutions, the number system can be extended so that solutions exist, analogous to the 29 

way in which extending the whole numbers to the negative numbers allows 𝑥 + 1 =  0 30 
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to have a solution. Students explore relationships between number systems: whole 31 

numbers, integers, rational numbers, real numbers, and complex numbers. The guiding 32 

principle is that equations with no solutions in one number system may have solutions in 33 

a larger number system. 34 

Students consider quadratic functions, comparing the key characteristics of 35 

quadratic functions to those of linear and exponential functions. They select from among 36 

these functions to model phenomena. Students learn to anticipate the graph of a 37 

quadratic function by interpreting various forms of quadratic expressions. In particular, 38 

they identify the real solutions of a quadratic equation as the zeros of a related 39 

quadratic function. When quadratic equations do not have real solutions, students learn 40 

that that the graph of the related quadratic function does not cross the horizontal axis. 41 

Students expand their experience with functions to include more specialized functions—42 

absolute value, step, and other piecewise-defined functions. 43 

Students focus on the structure of expressions, writing equivalent expressions to 44 

clarify and reveal aspects of the quantities they represent. Students create and solve 45 

equations, inequalities, and systems of equations involving exponential and quadratic 46 

expressions. 47 

Building on probability concepts introduced in the middle grades, students use 48 

the language of set theory to expand their ability to compute and interpret theoretical 49 

and experimental probabilities for compound events, attending to mutually exclusive 50 

events, independent events, and conditional probability. Students should make use of 51 

geometric probability models wherever possible. They use probability to make informed 52 

decisions. 53 

Students apply their earlier experience with dilations and proportional reasoning 54 

to build a formal understanding of similarity. They identify criteria for similarity of 55 

triangles, use similarity to solve problems, and apply similarity in right triangles to 56 

understand right triangle trigonometry, with particular attention to special right triangles 57 

and the Pythagorean Theorem. It is in this course that students develop facility with 58 

geometric proof. They use what they know about congruence and similarity to prove 59 
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theorems involving lines, angles, triangles, and other polygons. They explore a variety 60 

of formats for writing proofs. 61 

In Mathematics II students prove basic theorems about circles, chords, secants, 62 

tangents, and angle measures. In the Cartesian coordinate system, students use the 63 

distance formula to write the equation of a circle when given the radius and the 64 

coordinates of its center, and the equation of a parabola with vertical axis when given 65 

an equation of its horizontal directrix and the coordinates of its focus. Given an equation 66 

of a circle, students draw the graph in the coordinate plane, and apply techniques for 67 

solving quadratic equations to determine intersections between lines and circles or a 68 

parabola and between two circles. Students develop informal arguments justifying 69 

common formulas for circumference, area, and volume of geometric objects, especially 70 

those related to circles. 71 

 72 

Examples of Key Advances from Mathematics I  73 

Students extend their previous work with linear and exponential expressions, equations, 74 

systems of equations and inequalities to quadratic relationships. 75 

• A parallel extension occurs from linear and exponential functions to quadratic 76 

functions, where all students begin to analyze functions in terms of transformations.   77 

• Building on their work with transformations, students produce increasingly formal 78 

arguments about geometric relationships, particularly around notions of similarity. 79 

 80 

Connecting Standards for Mathematical Practice and Content 81 

The Standards for Mathematical Practice apply throughout each course and, 82 

together with the content standards, prescribe that students experience mathematics as 83 

a coherent, useful, and logical subject that makes use of their ability to make sense of 84 

problem situations.  The Standards for Mathematical Practice (MP) represent a picture 85 

of what it looks like for students to do mathematics in the classroom and, to the extent 86 

possible, content instruction should include attention to appropriate practice standards. 87 

The CA CCSSM call for an intense focus on the most critical material, allowing 88 

depth in learning, which is carried out through the standards for mathematical practice.  89 
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Connecting content and practices happens in the context of working on problems; the 90 

very first MP standard is to make sense of problems and persevere in solving them.  91 

The table below gives examples of how students can engage in the MP standards in 92 

Mathematics II. 93 
Standards for 
Mathematical Practice  
Students… 

Examples of each practice in Mathematics II 

MP1.  Make sense of 
problems and persevere in 
solving them. 

Students persevere when attempting to understand the differences 
between quadratic functions and linear and exponential functions studied 
previously.  They make diagrams of geometric problems to help them 
make sense of the problems.  

MP2.  Reason abstractly and 
quantitatively. 

Quantitative reasoning entails habits of creating a coherent representation 
of the problem at hand; considering the units involved; attending to the 
meaning of quantities, not just how to compute them; and knowing and 
flexibly using different properties of operations and objects. 

MP3. Construct viable 
arguments and critique the 
reasoning of others. 
Students build proofs by 
induction and proofs by 
contradiction. CA 3.1 (for 
higher mathematics only). 

Students construct proofs of geometric theorems based on congruence 
criteria of triangles.  They understand and explain the definition of radian 
measure. 

MP4.  Model with 
mathematics. 

Students apply their mathematical understanding of quadratic functions to 
real-world problems.  Students also discover mathematics through 
experimentation and examining patterns in data from real-world contexts. 

MP5.  Use appropriate tools 
strategically. 

Students develop a general understanding of the graph of an equation or 
function as a representation of that object, and they use tools such as 
graphing calculators or graphing software to create graphs in more 
complex examples, understanding how to interpret the result. 

MP6.  Attend to precision. Students begin to understand that a rational number has a specific 
definition, and that irrational numbers exist.  They make use of the 
definition of function when deciding if an equation can describe a function 
by asking, “Does every input value have exactly one output value?” 

MP7.  Look for and make 
use of structure. 

Students develop formulas such as (𝑎 ± 𝑏)2 = 𝑎2 ± 2𝑎𝑏 + 𝑏2 by applying 
the distributive property.  Students see that the expression 5 + (𝑥 − 2)2 
takes the form of “5 plus ‘something’ squared”, and so that expression 
can be no smaller than 5. 

MP8.  Look for and express 
regularity in repeated 
reasoning. 

Students notice that consecutive numbers in the sequence of squares 
1,4,9,16,25 always differ by an odd number.  They use polynomials to 
represent this interesting finding by expressing it as (𝑛 + 1)2 − 𝑛2 = 2𝑛 +
1. 

 94 
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MP standard 4 holds a special place throughout the higher mathematics 95 

curriculum, as Modeling is considered its own conceptual category.  Though the 96 

Modeling category has no specific standards listed within it, the idea of using 97 

mathematics to model the world pervades all higher mathematics courses and should 98 

hold a high place in instruction.  Readers will see some standards marked with a star 99 

symbol (★) to indicate that they are modeling standards, that is, they present an 100 

opportunity for applications to real-world modeling situations more so than other 101 

standards.  Modeling with Mathematics is a theme in all higher math courses.  Modeling 102 

in higher mathematics centers on problems arising in everyday life, society, and the 103 

workplace.  Such problems may draw upon mathematical content knowledge and skills 104 

articulated in the standards prior to or during the current course. 105 

Examples of places where specific MP standards can be implemented in the 106 

Mathematics II standards will be noted in parentheses, with the specific practice 107 

standard(s) indicated. 108 

 109 

Mathematics II Content Standards by Conceptual Category 110 

The Mathematics II course is organized by conceptual category, domains, 111 

clusters, and then standards.  Below, the overall purpose and progression of the 112 

standards included in Mathematics II are described according to these conceptual 113 

categories.  Note that the standards are not listed in an order in which they should be 114 

taught. Standards that are considered to be new to secondary grades teachers will be 115 

discussed in more depth than others. 116 

 117 

Conceptual Category: Modeling 118 

Throughout the higher mathematics CA CCSSM, certain standards are marked 119 

with a (⋆) symbol to indicate that they are considered modeling standards.  Modeling at 120 

this level goes beyond the simple application of previously constructed mathematics to 121 

real-world problems.  True modeling begins with students asking a question about the 122 

world around them, and mathematics is then constructed in the process of attempting to 123 

answer the question.  When students are presented with a real-world situation and 124 
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challenged to ask a question, all sorts of new issues arise: which of the quantities 125 

present in this situation are known and unknown? Students need to decide on a solution 126 

path; sometimes that path may need to be revised. They will make use of tools such as 127 

calculators, dynamic geometry software, or spreadsheets.  They will try to use 128 

previously derived models (e.g. linear functions) but may find that a new formula or 129 

function will apply.  They may see that solving an equation arises as a necessity when 130 

trying to answer their question, and that oftentimes the equation arises as the specific 131 

instance of the knowing the output value of a function at an unknown input value. 132 

Modeling problems have an element of being genuine problems, in the sense 133 

that students care about answering the question under consideration.  In modeling, 134 

mathematics is used as a tool to answer questions that students really want answered. 135 

This will be a new approach for many teachers and will be challenging to implement, but 136 

the effort will produce students who can appreciate that mathematics is relevant to their 137 

lives.  From a pedagogical perspective, modeling gives a concrete basis from which to 138 

abstract the mathematics and often serves to motivate students to become independent 139 

learners. 140 

 141 
Figure 1: The modeling cycle.  Students examine a problem and formulate a mathematical model (an 142 
equation, table, graph, etc.), compute an answer or rewrite their expression to reveal new information, 143 
interpret their results, validate them, and report out. 144 

 145 

Throughout the Mathematics II chapter, the examples given will be framed as 146 

much as possible as modeling situations, to serve as illustrations of the concept of 147 

mathematical modeling.  The big ideas of quadratic functions, graphing, solving 148 

equations, and rates of change will be explored through this lens. The reader is 149 
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encouraged to consult the Appendix, “Mathematical Modeling,” for a further discussion 150 

of the modeling cycle and how it is integrated into the higher mathematics curriculum. 151 

 152 

Conceptual Category: Functions 153 

The standards of the Functions conceptual category can serve as motivation for 154 

studying the standards in the other Mathematics II conceptual categories.  Students 155 

have already worked with equations wherein one is asked to “solve for 𝑥38T” as a search 156 

for the input of a function 𝑓38T that gives a specified output; solving the equation amounts 157 

to undoing the work of the function. In Mathematics II, the types of functions students 158 

encounter have new properties. For example, while linear functions showed constant 159 

additive change and exponential functions showed constant multiplicative change, 160 

quadratic functions exhibit different change and can be used to model new situations.  161 

New techniques for solving equations need to be carefully constructed as extraneous 162 

solutions can sometimes arise, or no real-number solutions may exist.  In general, 163 

functions describe how two quantities are related in a precise way, and can be used to 164 

make predictions and generalizations, keeping true to the emphasis on modeling in 165 

higher mathematics. The core question when investigating functions in the CA CCSSM 166 

is: “Does each element of the domain correspond to exactly one element of the range?” 167 

(The University of Arizona Progressions Documents for the Common Core Math 168 

Standards [Progressions], Functions 2012, 8) 169 

 170 
Interpreting Functions         F-IF 171 
Interpret functions that arise in applications in terms of the context. [Quadratic] 172 
4. For a function that models a relationship between two quantities, interpret key features of graphs 173 

and tables in terms of the quantities, and sketch graphs showing key features given a verbal 174 
description of the relationship. Key features include: intercepts; intervals where the function is 175 
increasing, decreasing, positive, or negative; relative maximums and minimums; symmetries; end 176 
behavior; and periodicity.   177 

5. Relate the domain of a function to its graph and, where applicable, to the quantitative relationship 178 
it describes. 179 

6. Calculate and interpret the average rate of change of a function (presented symbolically or as a 180 
table) over a specified interval. Estimate the rate of change from a graph.   181 

 182 
Analyze functions using different representations. [Linear, exponential, quadratic, absolute value, step, piecewise-183 
defined] 184 
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7. Graph functions expressed symbolically and show key features of the graph, by hand in simple 185 
cases and using technology for more complicated cases.  186 
a. Graph linear and quadratic functions and show intercepts, maxima, and minima.  187 
b. Graph square root, cube root, and piecewise-defined functions, including step functions and 188 

absolute value functions.  189 
8. Write a function defined by an expression in different but equivalent forms to reveal and explain 190 

different properties of the function. 191 
a. Use the process of factoring and completing the square in a quadratic function to show zeros, 192 

extreme values, and symmetry of the graph, and interpret these in terms of a context.  193 
b. Use the properties of exponents to interpret expressions for exponential functions. For 194 

example, identify percent rate of change in functions such as y = (1.02)t, y = (0.97)t, 195 
y = (1.01)12t, and y = (1.2)t/10, and classify them as representing exponential growth or decay. 196 

9. Compare properties of two functions each represented in a different way (algebraically, 197 
graphically, numerically in tables, or by verbal descriptions). For example, given a graph of one 198 
quadratic function and an algebraic expression for another, say which has the larger maximum.  199 

 200 

Standards F.IF.4-9 deal with understanding the concept of a function, interpreting 201 

characteristics of functions in context, and representing functions in different ways 202 

(MP.6).  In standards F.IF.7-9 specifically, students represent functions with graphs and 203 

identify key features of the graph.  They represent the same function algebraically in 204 

different forms and interpret these differences in terms of the graph or context.  For 205 

instance, students may easily see that the function 𝑓(𝑥) = 3𝑥2 + 9𝑥 + 638T crosses the 𝑦38T-206 

axis at (0,6)38T since the terms involving 𝑥38T are simply 0 when 𝑥 = 038T, but they then factor 207 

the expression defining 𝑓38T to obtain 𝑓(𝑥) = 3(𝑥 + 2)(𝑥 + 1)38T, revealing that the function 208 

crosses the 𝑥38T-axis at (−2, 0)38T and (−1, 0)38T because those points correspond to where 209 

𝑓(𝑥) = 038T (MP.7).  In Mathematics I, students work with linear, exponential and quadratic 210 

functions, and are expected to develop fluency with these types of functions, including 211 

the ability to graph them by hand. 212 

Students work with functions that model data and with choosing an appropriate 213 

model function by considering the context that produced the data. Students’ ability to 214 

recognize rates of change, growth and decay, end behavior, roots and other 215 

characteristics of functions is becoming more sophisticated; they use this expanding 216 

repertoire of families of functions to inform their choices for models. This group of 217 

standards focuses on applications and how key features relate to characteristics of a 218 

situation, making selection of a particular type of function model appropriate (F-IF.4-9). 219 

 220 
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Example (Adapted from Illustrative Mathematics 
2013).  Population Growth.  The approximate 

United States Population measured each decade 

starting in 1790 up through 1940 can be modeling 

by the function 

𝑃(𝑡) =
(3,900,000 × 200,000,000)𝑒0.31𝑡

200,000,000 + 3,900,000(𝑒0.31𝑡 − 1)
. 

a. According to this model for the U.S. population, 

what was the population in the year 1790? 

b. According to this model, when did the  

population first reach 100,000,000? Explain. 

c. According to this model, what should be the 

population of the U.S. in the year 2010?  Find a 

prediction of the U.S. population in 2010 and 

compare with your result. 

d. For larger values of 𝑡38T, such as 𝑡 = 5038T, what 

does this model predict for the U.S. 

population? Explain your findings. 

 221 

 222 
Building Functions          F-BF 223 
Build a function that models a relationship between two quantities. [Quadratic and exponential] 224 
1. Write a function that describes a relationship between two quantities.  225 

a. Determine an explicit expression, a recursive process, or steps for calculation from a context. 226 
  227 

b. Combine standard function types using arithmetic operations.  228 
 229 
Build new functions from existing functions. [Quadratic, absolute value]  230 
3. Identify the effect on the graph of replacing f(x) by f(x) + k, kf(x), f(kx), and f(x + k) for specific 231 

values of k (both positive and negative); find the value of k given the graphs. Experiment with 232 
cases and illustrate an explanation of the effects on the graph using technology. Include 233 
recognizing even and odd functions from their graphs and algebraic expressions for them. 234 

4. Find inverse functions. 235 
a. Solve an equation of the form f(x) = c for a simple function f that has an inverse and write an 236 

expression for the inverse. For example, f(x) =2x3. 237 
 238 

 Students in Mathematics II develop models for more complex or sophisticated 239 

situations than in previous courses, due to the expansion of the types of functions 240 

available to them (F-BF.1).  The problem below illustrates reasoning with functions 241 

students are expected to develop in this standard. 242 

 243 
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Example.  The Skeleton Tower.1 

The tower pictured measures 6 cubes high.  

(a) How many cubes are 

needed to build this 

tower? (Organize your 

counting so others can 

follow your reasoning.)  

(b) How many cubes 

would be needed to build a tower just like this one 

but 12 cubes high?  Justify your reasoning.  

(c) Find a way to calculate the number of cubes 

needed to build a tower like this that is 𝑛 cubes 

high. 

Solution: 

a. The top layer has a single cube. The layer 

below has one cube beneath the top cube 

plus 4 new ones making a total of 5. The 

third layer below has cubes below 

these 5 plus 4 new ones to make 9. 

Continuing to add four each time gives a 

total of 1 + 5 + 9 + 13 + 17 + 21 =

66 cubes in the skeleton tower with six 

layers. 

b. Building upon the reasoning established in 

(a), the number of cubes in the bottom 

(12th) layer will be 1 + 4 × 11 since it 

is 11 layers below the top. So for this total, 

we need to add 1 + 5 + 9 + ⋯+ 45. One 

way to do this would be to simply add the 

numbers. Another method is the Gauss 

method: We rewrite the sum backward as 

45 + 41 + 37 + ⋯+ 1.  Now if this sum is 

placed below the previous sum we can see 

that each pair of addends one above the 

other sums to 46. There are 12 columns so 

the answer to this problem is half of 12 ×

46 = 552 or 276. 

c. Let 𝑓(𝑛) be the number of cubes in 

the 𝑛th layer counting down from the top. 

Then 𝑓(1) = 1, 𝑓(2) = 5, 𝑓(3) = 9, and so 

on. Since each term is obtained from the 

previous one by adding 4, in general, we 

have 𝑓(𝑛) = 4(𝑛 − 1) + 1. The total 

for 𝑛 layers in the tower is thus: 1 + 5 + 9 +

⋯+ 𝑓(𝑛) = 1 + 5 + 9 + ⋯+ (4(𝑛 − 1) + 1).  

If we use the method of problem (b) here, 

twice this sum will be equal to 𝑛 ⋅ (4(𝑛 −

1) + 2) and so the general solution for the 

number of cubes in a skeleton tower 

with 𝑛 layers is 

 𝑛(4(𝑛 − 1) + 2)/2 = 𝑛(2𝑛 − 1). 

  244 

For standard F-BF.3, students can make good use of graphing software to 245 

investigate the effects of replacing 𝑓(𝑥) by 𝑓(𝑥) + 𝑘, 𝑘𝑓(𝑥), 𝑓(𝑘𝑥), and 𝑓(𝑥 + 𝑘) for 246 

different types of functions.  For example, starting with the simple quadratic function 247 

𝑓(𝑥) = 𝑥2, students see the relationship between the transformed functions 𝑓(𝑥) +248 

𝑘,𝑘𝑓(𝑥),𝑓(𝑘𝑥), and 𝑓(𝑥 + 𝑘) and the vertex-form of a general quadratic, 𝑓(𝑥) =249 

𝑎(𝑥 − ℎ)2 + 𝑘.  They understand the notion of a family of functions, and characterize 250 

1 For another solution, see www.illustrativemathematics.org. 
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such function families based on their properties. In keeping with the theme of the input-251 

output interpretation of a function, students should work towards developing an 252 

understanding of the effect on the output of a function under certain transformations, 253 

such as in the table below: 254 

Expression Interpretation 

𝑓(𝑎 + 2) The output when the input is 2 greater than 𝑎 

𝑓(𝑎) + 3 3 more than the output when the input is 𝑎 

2𝑓(𝑥) + 5 5 more than twice the output of 𝑓38T when the input is 𝑥 

 255 

Such understandings can help in seeing the effect of transformations on the graph of a 256 

function, and in particular, can aid in understanding why it appears that the effect on the 257 

graph is the opposite to the transformation on the variable (e.g. the graph of 𝑦 = 𝑓(𝑥 +258 

2)38T is the graph of 𝑓 shifted 2 units to the left, not to the right) (Progressions, Functions 259 

2012, 7). These ideas will be explored further with trigonometric functions (F-TF.5) in 260 

Mathematics III. 261 

 In standard F-BF.4a, students learn that some functions have the property that an 262 

input can be recovered from a given output, i.e., the equation 𝑓(𝑥) = 𝑐 can be solved for 263 

𝑥, given that 𝑐 lies in the range of 𝑓.  For example, a student might solve the equation 264 

𝐶 = 9
5
𝐹 + 32 for 𝐹. The student starts with this formula showing how Celsius 265 

temperature is a function of Fahrenheit temperature and, by solving for 𝐹, finds the 266 

formula for the inverse function. This is a contextually appropriate way to find the 267 

expression for an inverse function, in contrast with the practice of simply swapping 𝑥 268 

and 𝑦 in an equation and solving for 𝑦. 269 

 270 
Linear, Quadratic, and Exponential Models      F-LE 271 
Construct and compare linear, quadratic, and exponential models and solve problems. [Include 272 
quadratic.] 273 
3. Observe using graphs and tables that a quantity increasing exponentially eventually exceeds a 274 

quantity increasing linearly, quadratically, or (more generally) as a polynomial function.  275 
 276 
Interpret expressions for functions in terms of the situation they model. 277 
6.  Apply quadratic functions to physical problems, such as the motion of an object under the 278 

force of gravity. CA  279 
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 280 
 In Mathematics II, students continue their investigation of exponential functions by 281 

comparing them with linear and quadratic functions, observing that they will always 282 

eventually grow larger than any polynomial function.  In standard F-LE.6, students 283 

experiment with quadratic functions and discover their uses in representing real-world 284 

phenomena, such as projectile motion.  A simple activity that involves tossing a ball and 285 

recording its height with video as it rises and falls can reveal the height as a function of 286 

time to be approximately quadratic.  Afterwards, students can derive a quadratic 287 

expression that determines the height of the ball at time 𝑡38T using a graphing calculator or 288 

other software, and they can compare the values of the function with their data. 289 
 290 
Trigonometric Functions         F-TF 291 
Prove and apply trigonometric identities. 292 
8.   Prove the Pythagorean identity sin2(θ) + cos2(θ) = 1 and use it to find sin(θ), cos(θ), or tan(θ) 293 

given sin(θ), cos(θ), or tan(θ) and the quadrant. 294 
 295 

 Standard F-TF.8 is closely linked with standards G-SRT.6-8 but is included here 296 

as a property of the trigonometric functions sine, cosine and tangent.  Students use the 297 

Pythagorean identity to find the output of a trigonometric function at given angle 𝜃38T when 298 

the output of another trigonometric function is known.  299 

 300 

Conceptual Category: Number and Quantity 301 

Number and Quantity 302 
The Real Number System         N-RN 303 
Extend the properties of exponents to rational exponents. 304 
1. Explain how the definition of the meaning of rational exponents follows from extending the 305 

properties of integer exponents to those values, allowing for a notation for radicals in terms of 306 
rational exponents. For example, we define 51/3 to be the cube root of 5 because we want 307 
(51/3)3 = 5(1/3)3 to hold, so (51/3)3 must equal 5. 308 

2. Rewrite expressions involving radicals and rational exponents using the properties of exponents.  309 
 310 
Use properties of rational and irrational numbers. 311 
3. Explain why the sum or product of two rational numbers is rational; that the sum of a rational 312 

number and an irrational number is irrational; and that the product of a nonzero rational number 313 
and an irrational number is irrational. 314 

 315 
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In grade eight, students encountered some examples of irrational numbers, such 316 

as 𝜋 and √2 (or �𝑝 for 𝑝 a nonsquare number).  In Mathematics II, students extend this 317 

understanding beyond the fact that there are numbers that are not rational; they begin 318 

to understand that the rational numbers form a closed system themselves.  Students 319 

have witnessed that with each extension of number, the meanings of addition, 320 

subtraction, multiplication, and division are extended. In each new number system— 321 

integers, rational numbers, and real numbers— the distributive law continues to hold, 322 

and the commutative and associative laws are still valid for both addition and 323 

multiplication.  However, in Mathematics II students go further along this path. In 324 

standard N-RN.3, they explain that the sum or product of two rational numbers is 325 

rational, by say, arguing that the sum of two fractions with integer numerator and 326 

denominator is also a fraction of the same type, showing that the rational numbers are 327 

closed under the operations of addition and multiplication (MP.3).  Moreover, they argue 328 

that the sum of a rational and irrational is irrational, and the product of a non-zero 329 

rational and an irrational is still irrational, showing that the irrational numbers are truly an 330 

additional set of numbers which along with the rational numbers forms a larger system, 331 

the real numbers (MP3, MP7). 332 

With N-RN.1, students make meaning of the representation of radicals with 333 

rational exponents.  Students are first introduced to exponents in grade six; by now, 334 

they should have an understanding of the basic properties of exponents (e.g. that 335 

𝑥𝑛 ⋅ 𝑥𝑚 = 𝑥𝑛+𝑚, (𝑥𝑛)𝑚 = 𝑥𝑛𝑚 , 𝑥
𝑛

𝑥𝑚
= 𝑥𝑛−𝑚, 𝑥0 = 1 for 𝑥 ≠ 0, etc.).  In fact, they may have 336 

justified certain properties of exponents by reasoning with others (MP.3, MP.7), for 337 

example, justifying why any nonzero number to the power 0 is equal to 1:  338 

𝑥0 = 𝑥𝑛−𝑛 =
𝑥𝑛

𝑥𝑛
= 1, for 𝑥 ≠ 0. 

They further their understanding of exponents in Mathematics II by using these 339 

properties to explain the meaning of rational exponents. For example, properties of 340 

whole-number exponents suggest that (51/3)3 should be the same as 5[(1/3) ∙3] = 51 = 5 341 

so that 51/3 should represent the cube root of 5. In addition, the fact that (𝑎𝑏)𝑛 = 𝑎𝑛 ⋅ 𝑏𝑛 342 

reveals that 343 
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√20 = (4 ⋅ 5)
1
2 = 4

1
2 ⋅ 5

1
2 = 2√5 

showing that √20 = 2√5.  The intermediate steps of writing the square root as a rational 344 

exponent are not entirely necessary here, but the principle of how to work with radicals 345 

based on the properties of exponents is.  Students extend such work with radicals and 346 

rational exponents to variable expressions as well (N.CN.2), e.g. rewriting an 347 

expression like (𝑎2𝑏5)3/2 using radicals (N-RN.2). 348 

 349 
The Complex Number System        N-CN 350 
Perform arithmetic operations with complex numbers. [i2 as highest power of i] 351 
1. Know there is a complex number i such that 

 

i 2  = −1, and every complex number has the form 352 
a + bi with a and b real.  353 

2. Use the relation 

 

i 2  = –1 and the commutative, associative, and distributive properties to add, 354 
subtract, and multiply complex numbers.  355 

 356 
Use complex numbers in polynomial identities and equations. [Quadratics with real coefficients] 357 
7. Solve quadratic equations with real coefficients that have complex solutions.  358 
8. (+) Extend polynomial identities to the complex numbers. For example, rewrite x2 + 4 as 359 

(x + 2i)(x – 2i).  360 
9. (+) Know the Fundamental Theorem of Algebra; show that it is true for quadratic polynomials.  361 
  362 
 363 

In Mathematics II, students work with examples of quadratic functions and solve 364 

quadratic equations, where they encounter situations in which a resulting equation does 365 

not have a solution that is a real number, e.g. (𝑥 − 2)2 = −2538T.  Here, students expand 366 

their extension of the concept of number to include complex numbers, numbers of the 367 

form 𝑎 + 𝑏𝑖38T, where 𝑖38T is a number with the property that 𝑖2 = −1, 38Tso that such an 368 

equation can be solved.  They begin to work with complex numbers, first by finding 369 

simple square roots of negative numbers: √−25 = �25 ⋅ (−1) = √25 ⋅ √−1 = 5𝑖38T (MP.7).  370 

They also apply their understanding of properties of operations (the commutative, 371 

associative, and distributive properties) and exponents and radicals to solve equations 372 

like those above:  373 

(𝑥 − 2)2 = −25, which implies |𝑥 − 2| = 5𝑖, or 𝑥 = 2 ± 5𝑖. 

Now equations like these have solutions, and the extended number system forms yet 374 

another system that behaves according to certain rules and properties (N-CN.1-2, N-375 

CN.7-9).   In addition, by exploring examples of polynomials that can be factored with 376 
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real and complex roots, students develop an understanding of the Fundamental 377 

Theorem of Algebra; they can show it is true for a quadratic polynomial by an 378 

application of the quadratic formula, and an understanding of the relationship between 379 

roots of a quadratic equation and the linear factors of the quadratic expression (MP.2). 380 

 381 

Conceptual Category: Algebra 382 

 Students began their work with expressions and equations in the middle grades 383 

standards and extended their work to more complex expressions in Mathematics I.  In 384 

Mathematics II, students encounter quadratic expressions for the first time and learn a 385 

whole new set of strategies for working with them.  As in Mathematics I, the Algebra 386 

conceptual category is closely tied to the Functions conceptual category, linking the 387 

writing of equivalent expressions, solving equations, and graphing to function concepts. 388 

Algebra 389 
Seeing Structure in Expressions        A-SSE 390 
Interpret the structure of expressions. [Quadratic and exponential.] 391 
1. Interpret expressions that represent a quantity in terms of its context.  392 
 a. Interpret parts of an expression, such as terms, factors, and coefficients.  393 
 b. Interpret complicated expressions by viewing one or more of their parts as a single entity. For 394 

example, interpret P(1 + r)n as the product of P and a factor not depending on P.   395 
2. Use the structure of an expression to identify ways to rewrite it. For example, see x4 – y4 as 396 

(x2)2 – (y2)2, thus recognizing it as a difference of squares that can be factored as (x2 – y2)(x2 + 397 
y2).  398 

 399 
Write expressions in equivalent forms to solve problems. [Quadratic and exponential.] 400 
3. Choose and produce an equivalent form of an expression to reveal and explain properties of the 401 

quantity represented by the expression.  402 
 a. Factor a quadratic expression to reveal the zeros of the function it defines.  403 
 b. Complete the square in a quadratic expression to reveal the maximum or minimum value of 404 

the function it defines.  405 
 c. Use the properties of exponents to transform expressions for exponential functions. For 406 

example, the expression 1.15t can be rewritten as (1.151/12)12t ≈ 1.01212t to reveal the 407 
approximate equivalent monthly interest rate if the annual rate is 15%. 408 

 409 

In Mathematics II, students extend their work with expressions to include 410 

examples of more complicated expressions, such as those that involve multiple 411 

variables and exponents.  Students use the distributive property to investigate 412 

equivalent forms of quadratic expressions, e.g. by writing (𝑥 + 𝑦)(𝑥 − 𝑦) = 𝑥(𝑥 − 𝑦) +413 
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𝑦(𝑥 − 𝑦) = 𝑥2 − 𝑥𝑦 + 𝑥𝑦 − 𝑦2 = 𝑥2 − 𝑦2, thereby yielding a special case of a factorable 414 

quadratic, the difference of squares.  Students factor second- and simple third-degree 415 

polynomials by making use of such special forms, and by using factoring techniques 416 

based on properties of operations, e.g. factor-by-grouping, which arises from the 417 

distributive property (A-SSE.2). Note that the standards avoid talking about 418 

“simplification,” because it is often not clear what the simplest form of an expression is, 419 

and even in cases where it is clear, it is not obvious that the simplest form is desirable 420 

for a given purpose.  The standards emphasize purposeful transformation of 421 

expressions into equivalent forms that are suitable for the purpose at hand, as the 422 

example below shows (Progressions, Algebra 2012, 4). 423 

 424 
Example: Which is the simpler form?  A particularly 

rich mathematical investigation involves finding a 

general expression for the sum of the first 𝑛 

consecutive natural numbers: 

𝑆 = 1 + 2 + 3 + ⋯+ (𝑛 − 2) + (𝑛 − 1) + 𝑛. 

A famous tale speaks of a young C.F. Gauss being 

able to add the first 100 natural numbers quickly in 

his head, wowing his classmates and teacher alike.  

One way to find this sum is to consider the 

“reverse” of the sum: 

𝑆 = 𝑛 + (𝑛 − 1) + (𝑛 − 2) + ⋯+ 3 + 2 + 1, 

and to then add the two expressions for 𝑆 together, 

obtaining: 

2𝑆 = (𝑛 + 1) + (𝑛 + 1) + ⋯+                          

                          (𝑛 + 1) + (𝑛 + 1) + (𝑛 + 1), 

where there are 𝑛 terms of the form (𝑛 + 1).  Thus, 

2𝑆 = 𝑛(𝑛 + 1), so that 𝑆 = 𝑛(𝑛 + 1)/2. 

While students may be tempted to transform this 

expression into 1
2
𝑛2 + 1

2
𝑛, they are obscuring the 

ease with which they can evaluate the first 

expression.  Indeed, since 𝑛 is a natural number, 

one of either 𝑛 or 𝑛 + 1 is even, so evaluating 

𝑛(𝑛 + 1)/2, especially mentally, is often easier.  

Indeed, in Gauss’ case, 100(101)
2

= 50(101) = 5050. 

 425 

Students also use different forms of the same expression to reveal important 426 

characteristics of the expression. For instance, when working with quadratics, they 427 

complete the square in the expression 𝑥2 − 3𝑥 + 4 to obtain the equivalent expression 428 

�𝑥 − 3
2
�
2

+ 7
4
.  Students can then reason with the new expression that the term being 429 

squared is greater than or equal to 0; hence, the value of the expression will always be 430 

greater than or equal to 7
4
 (A-SSE.3, MP.3).  A spreadsheet or a computer algebra 431 

system (CAS) can be used to experiment with algebraic expressions, perform 432 
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complicated algebraic manipulations, and understand how algebraic manipulations 433 

behave, further contributing to students’ understanding of work with expressions (MP.5). 434 

 435 
Arithmetic with Polynomials and Rational Expressions     A-APR 436 
Perform arithmetic operations on polynomials. [Polynomials that simplify to quadratics] 437 
1. Understand that polynomials form a system analogous to the integers, namely, they are closed 438 

under the operations of addition, subtraction, and multiplication; add, subtract, and multiply 439 
polynomials. 440 
 441 

To perform operations with polynomials meaningfully, students are encouraged 442 

to draw parallels between the set of integers and the set of all polynomials with real 443 

coefficients (A-APR.1, MP.7). Understanding of the addition and subtraction of 444 

polynomials and the multiplication of monomials and binomials can be supported using 445 

manipulatives, such as “algebra tiles,” which can offer a concrete representation of the 446 

terms in a polynomial (MP.5). The tile representation relies on the area interpretation of 447 

multiplication, the notion that the product 𝑎𝑏 can be thought of as the area of a rectangle 448 

of dimensions 𝑎 units and 𝑏 units.  With this understanding, tiles can be used to 449 

represent 1 square unit (a 1 × 1 tile), 𝑥 square units (a 1 × 𝑥 tile), and 𝑥2 square units 450 

(an 𝑥 × 𝑥 tile). Finding the product (𝑥 + 5)(𝑥 + 3) amounts to finding the area of an 451 

abstract rectangle of dimensions 𝑥 + 5 and 𝑥 + 3 as illustrated in the figure (MP.2).  452 

 453 
Figure 2: The rectangle above has height (𝒙 + 𝟑) and base (𝒙 + 𝟓).  The total area represented, the 454 

product of these binomials, is seen to be 𝒙𝟐 + 𝟓𝒙 + 𝟑𝒙 + 𝟏𝟓 = 𝒙𝟐 + 𝟖𝒙 + 𝟏𝟓. 455 

Care must be taken in the way negative numbers are handled with this representation, 456 

since, as with all models, there are potential limitations to connecting the mathematics 457 

to the representation. The tile representation of polynomials can support student 458 
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understanding of the meaning of multiplication of variable expressions, and is very 459 

useful for understanding the notion of completing the square, as described below. 460 

 461 
Creating Equations          A-CED 462 
Create equations that describe numbers or relationships.  463 
1. Create equations and inequalities in one variable including ones with absolute value and use 464 

them to solve problems. Include equations arising from linear and quadratic functions, and simple 465 
rational and exponential functions. CA  466 

2. Create equations in two or more variables to represent relationships between quantities; graph 467 
equations on coordinate axes with labels and scales.  468 

4. Rearrange formulas to highlight a quantity of interest, using the same reasoning as in solving 469 
equations.  [Include formulas involving quadratic terms.] 470 

 471 

In Mathematics II, students work with all available types of functions to create 472 

equations, including quadratic functions, but constrained to simple cases (A-CDE.1). 473 

While functions used in A-CED.1, 2, and 4 will often be linear, exponential, or quadratic, 474 

the types of problems should draw from more complex situations than those addressed 475 

in Mathematics I. Note that students are not required to study rational functions in 476 

Mathematics II. 477 

 478 
Reasoning with Equations and Inequalities      A-REI 479 
Solve equations and inequalities in one variable. [Quadratics with real coefficients] 480 
4. Solve quadratic equations in one variable.  481 
 a. Use the method of completing the square to transform any quadratic equation in x into an 482 

equation of the form (x – p)2 = q that has the same solutions. Derive the quadratic formula from 483 
this form.  484 

 b. Solve quadratic equations by inspection (e.g., for x2 = 49), taking square roots, completing 485 
the square, the quadratic formula, and factoring, as appropriate to the initial form of the equation. 486 
Recognize when the quadratic formula gives complex solutions and write them as a ± bi for real 487 
numbers a and b.  488 

 489 
Solve systems of equations. [Linear-quadratic systems.] 490 
7. Solve a simple system consisting of a linear equation and a quadratic equation in two variables 491 

algebraically and graphically. For example, find the points of intersection between the line y = –3x 492 
and the circle x2 + y2 = 3. 493 

 494 

Students in Mathematics II extend their work with exponents to working with 495 

quadratic functions and equations. To extend their understanding of these quadratic 496 

expressions and the functions they define, students investigate properties of quadratics 497 
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and their graphs in the Functions domain.  The solving of quadratic equations can 498 

perhaps be best presented in the context of functions.  For instance, if the equation 499 

ℎ(𝑡) = −16𝑡2 + 50𝑡 + 150 defines the height of a projectile launched with an initial 500 

velocity of 50 ft/s from a height of 150 ft, then asking at which time 𝑡 the object hits the 501 

ground is asking for which 𝑡 we have ℎ(𝑡) = 0.  That is, we now need to solve the 502 

equation −16𝑡2 + 50𝑡 + 150 = 0 and need new methods for doing so.  Students have 503 

investigated how to “undo” linear and simple exponential functions in Mathematics I; 504 

now they do so for quadratic functions and discover the process is more complex. 505 

  506 
Example: When solving quadratic equations of the 

form (𝑥 − 𝑝)2 = 𝑞 in standard A-REI.4.a, students 

rely on the understanding that they can take square 

roots of both sides of the equation to obtain, 

�(𝑥 − 𝑝)2 = �𝑞.               (1) 

In the case that �𝑞 is a real number, we can solve 

this equation for 𝑥.  A common mistake is to quickly 

introduce the symbol ± here, without understanding 

where it comes from.  Doing so without care often 

leads to students thinking that √9 = ±3, for 

example.   

Note that the quantity √𝑎2 is simply 𝑎 when 𝑎 ≥ 0 

(as in √52 = √25 = 5), while √𝑎2 is equal to – 𝑎 (the 

opposite of 𝑎) when 𝑎 < 0 (as in �(−4)2 = √16 =

4).  But this means that √𝑎2 = |𝑎|.  Applying this to 

equation (1) yields |𝑥 − 𝑝| = �𝑞.  Solving this 

simple absolute value equation yields that 𝑥 − 𝑝 =

�𝑞 or – (𝑥 − 𝑝) = �𝑞.  This results in the solutions 

𝑥 = 𝑝 + �𝑞,𝑝 − �𝑞. 

 507 

Students transform quadratic equations into the form 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0, for 𝑎 ≠ 0, 508 

the standard form of a quadratic equation.  In some cases, the quadratic expression 509 

factors nicely and students can apply the zero product property of the real numbers to 510 

solve the resulting equation. The zero product property states that for two real numbers 511 

𝑚 and 𝑛, 𝑚 ⋅ 𝑛 = 0 if and only if either 𝑚 = 0 or 𝑛 = 0.  Hence, when a quadratic 512 

polynomial can be factored and rewritten as 𝑎(𝑥 − 𝑟)(𝑥 − 𝑠) = 0, the solutions can be 513 

found by setting each of the linear factors equal to 0 separately, and obtaining the 514 

solution set {𝑟, 𝑠}.  In other cases, a means for solving a quadratic equation arises by 515 

completing the square.  Assuming for simplicity that 𝑎 = 1 in the standard equation 516 

above, and the equation has been rewritten as 𝑥2 + 𝑏𝑥 = −𝑐, we can “complete the 517 

The Mathematics Framework was adopted by the California State Board of Education on 
November 6, 2013. The Mathematics Framework has not been edited for publication. 
 
 



State Board of Education-Adopted       Mathematics II Page 20 of 39 
 

square” by adding the square of half the coefficient of the 𝑥-term to each side of the 518 

equation:  519 

𝑥2 + 𝑏𝑥 + �
𝑏
2
�
2

= −𝑐 + �
𝑏
2
�
2

.                (2) 

The result of this simple step is that the quadratic on the left side of the equation is a 520 

perfect square, 521 

𝑥2 + 𝑏𝑥 + �
𝑏
2
�
2

= �𝑥 +
𝑏
2
�
2

. 

Thus, we have now converted equation (2) into an equation of the form (𝑥 − 𝑝)2 = 𝑞, 522 

namely,  523 

�𝑥 +
𝑏
2
�
2

=  −𝑐 +
𝑏2

4
, 

which can be solved by the method described above, as long as the term on the right is 524 

positive. The case when 𝑎 ≠ 1 can be handled similarly and ultimately results in the 525 

familiar quadratic formula. Tile representations of quadratics illustrate that the process 526 

of completing the square has a geometric interpretation that explains the origin of the 527 

name.  Students should be encouraged to explore these representations in order to 528 

make sense out of the process of completing the square (MP.1, MP.5). 529 

 530 
Completing the Square: The method of 

completing the square is a useful skill in Algebra.  It 

is generally used to change a quadratic in standard 

form, 𝑎𝑥2 + 𝑏𝑥 + 𝑐, into one in vertex-form, 

𝑎(𝑥 − ℎ)2 + 𝑘.  The vertex form can help determine 

several properties of quadratic functions.  

Completing the square also has applications in 

Geometry (G-GPE.1) and later higher math 

courses. 

Example:  To complete the square for the 

quadratic 𝑦 = 𝑥2 + 8𝑥 + 15, we take half the 

coefficient of the 𝑥-term and square it to yield 16.  

We realize that we need only to add 1 and 

subtract 1 to the quadratic expression: 

𝑦 = 𝑥2 + 8𝑥 + 15 + 1 − 1 = 𝑥2 + 8𝑥 + 16 − 1. 

Factoring gives us 𝑦 = (𝑥 + 4)2 − 1.  

In the picture, note that the tiles used to represent 

𝑥2 + 8𝑥 + 15 have been rearranged to try to form a 

square, and that a positive unit tile and a negative 

unit tile are added into the picture to “complete the 

square.” 
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 531 

 532 

Conceptual Category: Geometry 533 

 Students began to formalize their understanding of geometry in Mathematics I, 534 

by defining congruence in terms of well-defined rigid motions of the plane.  They found 535 

that congruence could be deduced in certain cases by investigating other relationships, 536 

e.g. that for triangles the ASA, SAS, and SSS congruence criteria held.  In Mathematics 537 

II, students further enrich their ability to reason deductively and begin to write more 538 

formal proofs of various geometric results.  In addition, they apply their knowledge of 539 

similarity to triangles and discover powerful relationships in right triangles, leading to the 540 

discovery of trigonometric functions.  Finally, the Pythagorean relationship and students’ 541 

work with quadratics leads to algebraic representations of circles and more complex 542 

proofs of results in the plane. 543 

Geometry 544 
Congruence           G-CO 545 
Prove geometric theorems. [Focus on validity of underlying reasoning while using variety of ways of writing proofs.] 546 
9. Prove theorems about lines and angles. Theorems include: vertical angles are congruent; when a 547 

transversal crosses parallel lines, alternate interior angles are congruent and corresponding 548 
angles are congruent; points on a perpendicular bisector of a line segment are exactly those 549 
equidistant from the segment’s endpoints 550 

10. Prove theorems about triangles. Theorems include: measures of interior angles of a triangle sum 551 
to 180°; base angles of isosceles triangles are congruent; the segment joining midpoints of two 552 
sides of a triangle is parallel to the third side and half the length; the medians of a triangle meet at 553 
a point.  554 

11. Prove theorems about parallelograms. Theorems include: opposite sides are congruent, opposite 555 
angles are congruent, the diagonals of a parallelogram bisect each other, and conversely, 556 
rectangles are parallelograms with congruent diagonals. 557 
 558 

Students prove the congruence criteria (SSS, SAS, ASA) for triangles using the 559 

more basic notion of congruence by rigid motions. Instructors are encouraged to use a 560 

variety of strategies for engaging students in understanding and writing proofs, 561 

including: using ample pictures to demonstrate results; using patty paper, 562 

transparencies, or dynamic geometry software to explore the relationships in a proof; 563 

creating flow charts and other organizational diagrams for outlining a proof; and writing 564 

step-by-step or paragraph formats for the completed proof (MP.5).  Above all else, the 565 
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reasoning involved in connecting one step in the logical argument to the next should be 566 

emphasized.  Students should be encouraged to make conjectures based on 567 

experimentation, to justify their conjectures, and to communicate their reasoning to their 568 

peers (MP.3).  Such reasoning, justification, and communication in precise language are 569 

at the heart of any geometry instruction, and should be focused on here. 570 
Example. The Kite Factory.  The hypothetical 

situation of a kite factory is presented to students, 

wherein kite engineers wish to know how the shape 

of a kite affects how it flies (e.g. the lengths of the 

rods, where they are attached, the angle at which 

they are attached, etc.).  In this activity, students 

are given pieces of cardstock of various lengths, 

hole-punched at regular intervals so they can be 

attached in different places.  

These two “rods” form the frame for a kite at the 

kite factory.  By changing the angle at which the 

sticks are held, and the places where they are 

attached, students discover different properties of 

quadrilaterals. 

 Students are challenged to make 

conjectures and use precise language to describe 

their findings about which diagonals result in which 

quadrilaterals. They can discover properties unique 

to certain quadrilaterals, such as the fact that 

diagonals that are perpendicular bisectors of each 

other imply the quadrilateral is a rhombus.  See 

videos of this lesson being implemented in a high 

school classroom at insidemathematics.org. 

 571 
Similarity, Right Triangles, and Trigonometry      G-SRT 572 
Understand similarity in terms of similarity transformations. 573 
1. Verify experimentally the properties of dilations given by a center and a scale factor: 574 

a. A dilation takes a line not passing through the center of the dilation to a parallel line, and 575 
leaves a line passing through the center unchanged. 576 

b. The dilation of a line segment is longer or shorter in the ratio given by the scale factor.  577 
2. Given two figures, use the definition of similarity in terms of similarity transformations to decide if 578 

they are similar; explain using similarity transformations the meaning of similarity for triangles as 579 
the equality of all corresponding pairs of angles and the proportionality of all corresponding pairs 580 
of sides.  581 

3. Use the properties of similarity transformations to establish the Angle-Angle (AA) criterion for two 582 
triangles to be similar.  583 

 584 
Prove theorems involving similarity. [Focus on validity of underlying reasoning while using variety of formats.] 585 
4. Prove theorems about triangles. Theorems include: a line parallel to one side of a triangle divides 586 

the other two proportionally, and conversely; the Pythagorean Theorem proved using triangle 587 
similarity.  588 

5. Use congruence and similarity criteria for triangles to solve problems and to prove relationships in 589 
geometric figures.  590 

 591 
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As right triangles and triangle relationships play such an important role in 592 

applications and future mathematics learning, they are given a prominent role in the 593 

geometry conceptual category.  A discussion of similarity is necessary first, and again, a 594 

more precise mathematical definition is given in the higher mathematics curriculum.  595 

Students have worked with dilations as a transformation in the grade eight standards; 596 

now, they explore the properties of dilations in more detail and develop an 597 

understanding of the notion of scale factor (G-SRT.1). Whereas previously objects that 598 

were similar simply had “the same shape,” the definition taken for two objects being 599 

similar is that there is a sequence of similarity transformations2 of the plane that maps 600 

one exactly onto the other.  In standards G-SRT.2 and G-SRT.3, students explore the 601 

consequences of two triangles being similar: that they have congruent angles and that 602 

their side lengths are in the same proportion.  This new understanding gives rise to 603 

more results, encapsulated in standards G-SRT.4 and G-SRT.5 604 

 605 
Example: Experimenting with dilations.  

Students are given opportunities to experiment with 

dilations and determine how they affect planar 

objects.  Students first make sense of the definition 

of a dilation of scale factor 𝑘 > 0 with center 𝑃 as 

the transformation that moves a point 𝐴 along the 

ray 𝑃𝐴 to a new point 𝐴’, so that |𝑃𝐴’| = 𝑘 ⋅  |𝑃𝐴|.  

For example, students apply the dilation of scale 

factor 2.5 with center P to the points A, B, and C 

illustrated using a ruler.  Once they’ve done so, 

they consider the two triangles ∆𝐴𝐵𝐶 and ∆𝐴′𝐵′𝐶′.  

What they discover is that the lengths of the 

corresponding sides of the triangles have the same 

ratio as dictated by the scale factor. (G-SRT.2) 

Students learn that parallel lines are taken to 

parallel lines by dilations; thus corresponding 

 
segments of ∆𝐴𝐵𝐶 and ∆𝐴’𝐵’𝐶′ are parallel.  After 

students have proved results about parallel lines 

intersected by a transversal, they can deduce that 

the angles of the triangles are congruent.  Through 

experimentation, they see that congruent 

corresponding angles is a necessary and sufficient 

condition for the triangles to be similar, leading to 

the AA criterion for triangle similarity. (G.SRT.3.) 

 606 
Similarity, Right Triangles, and Trigonometry      G-SRT 607 

2 Translation, rotation, reflection, or dilation. 
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Define trigonometric ratios and solve problems involving right triangles. 608 
6. Understand that by similarity, side ratios in right triangles are properties of the angles in the 609 

triangle, leading to definitions of trigonometric ratios for acute angles.  610 
7. Explain and use the relationship between the sine and cosine of complementary angles.  611 
8. Use trigonometric ratios and the Pythagorean Theorem to solve right triangles in applied 612 

problems.  613 
8.1  Derive and use the trigonometric ratios for special right triangles (30°, 60°, 90°and 45°, 45°, 614 

90°). CA 615 
 616 
 617 

 Once the angle-angle (AA) similarity criterion for triangles is established, it 618 

follows that any two right triangles Δ𝐴𝐵𝐶 and Δ𝐷𝐸𝐹 with at least one pair of angles 619 

congruent (say ∠𝐴 ≅ ∠𝐷) is similar, since the right angles are obviously congruent 620 

(say ∠𝐵 ≅∠𝐸).  By similarity, the corresponding sides of the triangles are in 621 

proportion: 622 
𝐴𝐵
𝐷𝐸

=
𝐵𝐶
𝐸𝐹

=
𝐴𝐶
𝐷𝐹

. 

Notice the first and third expressions in the statement of equality above can be 623 

rearranged to yield that 624 
𝐴𝐵
𝐴𝐶

=
𝐷𝐸
𝐷𝐹

. 

Since the triangles in question are arbitrary, this implies that for any right triangle with 625 

an angle congruent to ∠𝐴, the ratio of the side adjacent to ∠𝐴 and the hypotenuse of 626 

the triangle is a certain constant.  This allows us to unambiguously define the sine of 627 

∠𝐴, denoted by sin𝐴, as this ratio.  In this way, students come to understand the 628 

trigonometric functions as relationships completely determined by angles (G-SRT.6).  629 

They further their understanding of these functions by investigating relationships 630 

between sine, cosine, and tangent, by exploring the relationship between the sine and 631 

cosine of complementary angles, and by applying their knowledge of right triangles to 632 

real-world situations, (MP.4) such as in the example below (G-SRT.6-8).  Experience 633 

working with many different triangles, finding their measurements, and computing ratios 634 

of the measurements found will help students understand the basics of the trigonometric 635 

functions. 636 
Example: Using Trigonometric Relationships.  

Planes that fly at high speed and low elevations 

Solution:  The sketch of the situation below shows 

that there is a right triangle with hypotenuse 50,000 
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often have onboard radar systems to detect 

possible obstacles in the path of the plane. The 

radar can determine the range of an obstacle and 

the angle of elevation to the top of the obstacle.  

Suppose that the radar detects a tower that is 

50,000 feet away, with an angle of elevation of 0.5 

degree.  By how many feet must the plane rise in 

order to pass above the tower? 

(ft) and smallest angle 0.5 (degree).  To find the 

side opposite this angle, which represents the 

minimum height the plane should rise, we use 

sin 0.5 = ℎ
50,000

, so that 

ℎ = (50,000) sin 0.5 ≈ 436.33 ft. 

 

 637 
Circles           G-C 638 
Understand and apply theorems about circles. 639 
1. Prove that all circles are similar. 640 
2. Identify and describe relationships among inscribed angles, radii, and chords. Include the 641 

relationship between central, inscribed, and circumscribed angles; inscribed angles on a diameter 642 
are right angles; the radius of a circle is perpendicular to the tangent where the radius intersects 643 
the circle.  644 

3. Construct the inscribed and circumscribed circles of a triangle, and prove properties of angles for 645 
a quadrilateral inscribed in a circle. 646 

4. (+) Construct a tangent line from a point outside a given circle to the circle. 647 
 648 
Find arc lengths and areas of sectors of circles. [Radian introduced only as unit of measure]  649 
5. Derive using similarity the fact that the length of the arc intercepted by an angle is proportional to 650 

the radius, and define the radian measure of the angle as the constant of proportionality; derive 651 
the formula for the area of a sector. Convert between degrees and radians.  CA 652 

 653 
Students can extend their understanding of the usefulness of similarity 654 

transformations through investigating circles (G-C.1).  For instance, students can 655 

reason that any two circles are similar by describing precisely how to transform one into 656 

the other. 657 

 658 
Example.  Students can show that the two circles 

𝐶 and 𝐷 given by the equations below are similar. 

𝐶: (𝑥 − 1)2 + (𝑦 − 4)2 = 9 

𝐷: (𝑥 + 2)2 + (𝑦 − 1)2 = 25 

Solution.  Since the centers of the circles are (1, 4) 

and (−2, 1), respectively, we first translate the  

center of circle 𝐶 to the center of circle 𝐷 using the 

translation 𝑇(𝑥, 𝑦) = (𝑥 − 3, 𝑦 − 3).  Finally, since 

the radius of circle 𝐶 is 3 and the radius of circle 𝐷 

is 5, we dilate from the point (−2, 1) by a scale 

factor of 5/3. 

 659 

 
0.5 deg 

50,000 ft 
h ft 
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Students continue investigating properties of circles, and relationships among angles, 660 

radii and chords (G-C.2, 3, 4). 661 

 Another interesting application of the notion of similarity is the definition of the 662 

radian measure of an angle.  Students can derive this result in the following way: given 663 

a sector of a circle 𝐶 of radius 𝑟 and central angle 𝛼, and a sector of a circle 𝐷 of radius 664 

𝑠 and central angle also 𝛼, it follows that  665 
length of arc on circle 𝐶

𝑟
=

length of arc on circle 𝐷
𝑠

. 

Therefore, much like when defining the trigonometric functions, there is a constant 𝑚 666 

such that for an arc subtended by an angle 𝛼 on any circle, we have 667 
length of arc subtended by angle 𝛼

radius of the circle
= 𝑚. 

This constant of proportionality is the radian measure of angle 𝛼.  It follows that an 668 

angle that subtends an arc on a circle that is the same length as 669 

the radius measures 1 radian.  By investigating circles of 670 

different sizes, measuring off arcs subtended by the same 671 

angle using string, and finding the ratios described above, 672 

students can apply their proportional reasoning skills to 673 

discover this constant ratio, thereby understanding the definition 674 of 674 

radian measure. 675 

 676 
Expressing Geometric Properties with Equations     G-GPE 677 
Translate between the geometric description and the equation for a conic section. 678 
1. Derive the equation of a circle of given center and radius using the Pythagorean Theorem; 679 

complete the square to find the center and radius of a circle given by an equation. 680 
2. Derive the equation of a parabola given a focus and directrix. 681 
 682 
Use coordinates to prove simple geometric theorems algebraically. 683 
4. Use coordinates to prove simple geometric theorems algebraically. For example, prove or 684 

disprove that a figure defined by four given points in the coordinate plane is a rectangle; prove or 685 
disprove that the point (1, 3 ) lies on the circle centered at the origin and containing the 686 
point (0, 2). [Include simple circle theorems.] 687 

6.  Find the point on a directed line segment between two given points that partitions the segment in 688 
a given ratio. 689 

 690 
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The largest intersection of traditional algebraic and geometric concepts occurs 691 

here, wherein two-dimensional shapes are represented on a coordinate system and can 692 

be described using algebraic equations and inequalities.  Readers will be familiar with 693 

the derivation of the equation of a circle by the Pythagorean Theorem and the definition 694 

of a circle (G-GPE.1).  Given that a circle consists of all points (𝑥,𝑦) that are at a 695 

distance 𝑟 > 0 from a fixed center (ℎ,𝑘), we see that �(𝑥 − ℎ)2 + (𝑦 − 𝑘)2 = 𝑟 for any 696 

point lying on the circle, so that (𝑥 − ℎ)2 + (𝑦 − 𝑘)2 = 𝑟2 determines this circle.  697 

Students can derive this equation, and flexibly change an equation into this form by 698 

completing the square as necessary.  By understanding the derivation of this equation, 699 

the variables ℎ,𝑘 and 𝑟 take on a clear meaning.  Students do the same for the 700 

definition of a parabola in terms of a focus and directrix in G-GPE.2.  Ample resources 701 

are available for application problems involving parabolas, and should be explored to 702 

connect the geometric and algebraic aspects of these curves.   703 

 704 
Geometric Measurement and Dimension      G-GMD 705 
Explain volume formulas and use them to solve problems. 706 
1. Give an informal argument for the formulas for the circumference of a circle, area of a circle, 707 

volume of a cylinder, pyramid, and cone. Use dissection arguments, Cavalieri’s principle, and 708 
informal limit arguments. 709 

3. Use volume formulas for cylinders, pyramids, cones, and spheres to solve problems.  710 
5.  Know that the effect of a scale factor k greater than zero on length, area, and volume is to 711 

multiply each by k, k², and k³, respectively; determine length, area and volume measures 712 
using scale factors. CA  713 

6. Verify experimentally that in a triangle, angles opposite longer sides are larger, sides 714 
opposite larger angles are longer, and the sum of any two side lengths is greater than the 715 
remaining side length; apply these relationships to solve real-world and mathematical 716 
problems. CA 717 

 718 

The ability to visualize two- and three-dimensional shapes is useful skill.  This 719 

group of standards addresses that skill, and includes understanding and using volume 720 

and area formulas for curved objects, which students have not yet been responsible for.  721 

Students also have the opportunity to make use of the notion of a limiting process, an 722 

idea that plays a large role in calculus and advanced mathematics courses, when they 723 

investigate the formula for the area of a circle.  By experimenting with grids of finer and 724 

finer mesh for example, they can repeatedly approximate the area of a unit circle, and 725 
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thereby get a better and better approximation for the irrational number 𝜋38T. They also 726 

dissect shapes and make arguments based on the dissections.  For instance, a cube 727 

can be dissected into three congruent pyramids, as shown in the figure, which can lend 728 

weight to the formula that the volume of a pyramid of base area 𝐵38T and height ℎ38T is 1
3
𝐵ℎ38T 729 

(MP.2). 730 

 731 

 732 

(Park City Mathematics Institute 2013) 733 

 734 

Conceptual Category: Statistics and Probability 735 

In grades seven and eight, students learned some basics of probability, including 736 

chance processes, probability models, and sample spaces. In high school, the relative 737 

frequency approach to probability is extended to conditional probability and 738 

independence, rules of probability and their use in finding probabilities of compound 739 

events, and the use of probability distributions to solve problems involving expected 740 

value (Progressions, Statistics and Probability 2011). Building on probability concepts 741 

that began in the middle grades, students use the language of set theory to expand their 742 

ability to compute and interpret theoretical and experimental probabilities for compound 743 

events, attending to mutually exclusive events, independent events, and conditional 744 

probability. Students should make use of geometric probability models wherever 745 

possible. They use probability to make informed decisions (CCSSI 2010). 746 

 747 
Conditional Probability and the Rules of Probability   S-CP 748 

Figure 3: Three congruent pyramids that make a cube. 
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Understand independence and conditional probability and use them to interpret data. [Link to data 749 
from simulations or experiments.] 750 
1. Describe events as subsets of a sample space (the set of outcomes) using characteristics (or 751 

categories) of the outcomes, or as unions, intersections, or complements of other events (“or,” 752 
“and,” “not”).  753 

2. Understand that two events A and B are independent if the probability of A and B occurring 754 
together is the product of their probabilities, and use this characterization to determine if they are 755 
independent.   756 

3. Understand the conditional probability of A given B as P(A and B)/P(B), and interpret 757 
independence of A and B as saying that the conditional probability of A given B is the same as 758 
the probability of A, and the conditional probability of B given A is the same as the probability 759 
of B.   760 

4. Construct and interpret two-way frequency tables of data when two categories are associated 761 
with each object being classified. Use the two-way table as a sample space to decide if events 762 
are independent and to approximate conditional probabilities. For example, collect data from a 763 
random sample of students in your school on their favorite subject among math, science, and 764 
English. Estimate the probability that a randomly selected student from your school will favor 765 
science given that the student is in tenth grade.  Do the same for other subjects and compare the 766 
results.   767 

5. Recognize and explain the concepts of conditional probability and independence in everyday 768 
language and everyday situations.  769 

 770 
Use the rules of probability to compute probabilities of compound events in a uniform probability 771 
model.  772 
6. Find the conditional probability of A given B as the fraction of B’s outcomes that also belong to A, 773 

and interpret the answer in terms of the model.  774 
7. Apply the Addition Rule, P(A or B) = P(A) + P(B) – P(A and B), and interpret the answer in terms 775 

of the model.  776 
8. (+) Apply the general Multiplication Rule in a uniform probability model, 777 

P(A and B) = P(A)P(B|A) = P(B)P(A|B), and interpret the answer in terms of the model.  778 
9. (+) Use permutations and combinations to compute probabilities of compound events and solve 779 

problems.  780 
 781 
 To develop student understanding of conditional probability, students should 782 

experience two types of problems: ones in which the uniform probabilities attached to 783 

outcomes lead to independence of the outcomes, and ones in which they do not (S-784 

CP.1-3).  Below are two examples wherein these two possibilities occur. 785 

 786 
Example (Adapted from Progressions, 
Statistics and Probability 2011).  Guessing On a 

True-False Quiz.  If there are four T-F questions on 

a quiz, then the possible outcomes based on 

guessing on each question can be arranged as in 

the table below: 

By simple counting outcomes one can find various 

probabilities.  For example,  

𝑃(C on first question) =
1
2

, 

and  

𝑃(C on second question) =
1
2

, 
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as well.  Noticing that  

𝑃[(C on first) AND (C on second)]=
4

16
=

1
2
⋅

1
2

, 

shows that the two events, getting the first question 

correct and the second correct, are independent. 

 787 
Example (Adapted from Progressions, 
Statistics and Probability 2011). Working-Group 

Leaders.  Suppose a 5-person working group 

consisting of three girls (April, Briana, and Cyndi) 

and two boys (Daniel and Ernesto) wants to 

randomly choose two people to lead the group. The 

first person is the discussion leader and the second 

is the recorder, so order is important in selecting 

the leadership team.  There are 20 outcomes for 

this situation, shown below: 

 
Notice that the probability of selecting two girls as  

the leaders is: 

𝑃(two girls chosen)=
6

20
=

3
10

, 

whereas  

𝑃(girl selected on first draw)=
12
20

=
3
5

, 

while 

𝑃(girl selected on second draw)=
3
5

, 

as well.  But since 3
5
⋅ 3
5
≠ 3

10
38T, the two events are not 

independent. 

 One can also use the conditional 

probability perspective to show these events are 

not independent.  Since  

𝑃(girl on second | girl on first) =
6

12
=

1
2

, 

and 𝑃(girl on second)= 3
5

38T, these events are seen to 

be dependent. 

 Students also explore finding probabilities of compound events (S-CD.6-9) by 788 

using the Addition Rule (that 𝑃(𝐴 OR 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 AND 𝐵)38T, and the general 789 

Multiplication Rule 𝑃(𝐴 AND 𝐵) = 𝑃(𝐴) ⋅ 𝑃(𝐵|𝐴) = 𝑃(𝐵) ⋅ 𝑃(𝐴|𝐵)38T.  A simple experiment 790 

involving rolling two dice and tabulating the possibly outcomes can shed light on these 791 

formulas before they are extended to application problems. 792 

  793 
Example (Adapted from Illustrative 
Mathematics 2013).  On April 15, 1912, the 

class passengers who survived.  That is, we restrict 

the sample space to only first class passengers to 
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Titanic struck an iceberg and rapidly sank with 

only 710 of her 2,204 passengers and crew 

surviving. Some believe that the rescue 

procedures favored the wealthier first class 

passengers. Data on survival of passengers are 

summarized in the table below. We will use this 

data to investigate the validity of such claims.  

Students can use the fact that two events 𝐴 and B 

are independent if 𝑃(𝐴|𝐵) = 𝑃(𝐴) ⋅  𝑃(𝐵).  Let 

𝐴 represent the event a passenger survived, and 

𝐵 represent the event that the passenger was in 

first class.  We compare the conditional 

probability 𝑃(𝐴|𝐵) with the probability 𝑃(𝐴). 

The probability of surviving, given that the 

passenger was in first class, is the fraction of first 

obtain 𝑃(𝐴|𝐵) = 202
325

≈ 0.62238T.  The probability that 

the passenger survived is the number of all 

passengers who survived divided by the total 

number of passengers, that is 𝑃(𝐴) = 498
1316

≈ 0.37838T.  

Since 0.622 ≠ 0.37838T, the two given events are not 

independent.  Moreover, we can say that being a 

passenger in first class increased the chances of 

surviving. 

 Students can be challenged to further 

investigate where similar reasoning would apply 

today.  For example, what are similar statistics for 

Hurricane Katrina, and what would a similar analysis 

conclude about the distribution of damages? (MP.4) 

 

 794 

 795 
Using Probability to Make Decisions  S-MD 796 
Use probability to evaluate outcomes of decisions. [Introductory; apply counting rules.] 797 
6. (+) Use probabilities to make fair decisions (e.g., drawing by lots, using a random number 798 

generator).  799 
7. (+) Analyze decisions and strategies using probability concepts (e.g., product testing, medical 800 

testing, pulling a hockey goalie at the end of a game).   801 
 802 
 803 

 Standards S-MD.6 and S-MD.7 involve students’ use of probability models and 804 

probability experiments to make decisions.  These standards set the stage for more 805 

advanced work in Mathematics III, i.e. where the ideas of statistical inference are 806 

introduced.  See the “High School Progression on Statistics and Probability” for more 807 

explanation and examples: http://ime.math.arizona.edu/progressions/. 808 

 809 
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 Mathematics II Overview 811 
 812 
Number and Quantity 813 
The Real Number System 814 
• Extend the properties of exponents to rational exponents. 815 
• Use properties of rational and irrational numbers. 816 
The Complex Number Systems 817 
• Perform arithmetic operations with complex numbers. 818 
• Use complex numbers in polynomial identities and 819 

equations. 820 
 821 
Algebra 822 
Seeing Structure in Expressions 823 
• Interpret the structure of expressions. 824 
• Write expressions in equivalent forms to solve problems. 825 
Arithmetic with Polynomials and Rational Expressions 826 
• Perform arithmetic operations on polynomials. 827 
Creating Equations 828 
• Create equations that describe numbers or relationships. 829 
Reasoning with Equations and Inequalities 830 
• Solve equations and inequalities in one variable. 831 
• Solve systems of equations. 832 
 833 
Functions 834 
Interpreting Functions 835 
• Interpret functions that arise in applications in terms of the context. 836 
• Analyze functions using different representations. 837 
Building Functions 838 
• Build a function that models a relationship between two quantities. 839 
• Build new functions from existing functions. 840 
Linear, Quadratic, and Exponential Models 841 
• Construct and compare linear, quadratic and exponential models and solve problems. 842 
• Interpret expressions for functions in terms of the situations they model. 843 
Trigonometric Functions 844 
• Prove and apply trigonometric identities. 845 

 846 

Mathematical Practices 

1.  Make sense of problems and persevere 
in solving them. 

2.  Reason abstractly and quantitatively. 

3.  Construct viable arguments and critique 
the reasoning of others. 

4.  Model with mathematics. 

5.  Use appropriate tools strategically. 

6.  Attend to precision. 

7.  Look for and make use of structure. 

8.  Look for and express regularity in 
repeated reasoning. 
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Geometry 847 
Congruence 848 
• Prove geometric theorems. 849 
Similarity, Right Triangles, and Trigonometry 850 
• Understand similarity in terms of similarity transformations. 851 
• Prove theorems involving similarity. 852 
• Define trigonometric ratios and solve problems involving right triangles. 853 
Circles 854 
• Understand and apply theorems about circles. 855 
• Find arc lengths and areas of sectors of circles. 856 
Expressing Geometric Properties with Equations 857 
• Translate between the geometric description and the equation for a conic section. 858 
• Use coordinates to prove simple geometric theorems algebraically. 859 
Geometric Measurement and Dimension 860 
• Explain volume formulas and use them to solve problems. 861 

 862 
Statistics and Probability 863 
Conditional Probability and the Rules of Probability 864 
• Understand independence and conditional probability and use them to interpret data. 865 
• Use the rules of probability to compute probabilities of compound events in a uniform 866 

probability model. 867 
Using Probability to Make Decisions 868 
• Use probability to evaluate outcomes of decisions 869 
 870 
 871 
 872 
 873 
 874 
 875 
 876 
 877 
 878 
 879 
 880 
 881 
 Indicates a modeling standard linking mathematics to everyday life, work, and decision-882 
making 883 
(+) Indicates additional mathematics to prepare students for advanced courses 884 
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Mathematics II 885 

Number and Quantity 886 
The Real Number System                 N-RN 887 
Extend the properties of exponents to rational exponents. 888 
1. Explain how the definition of the meaning of rational exponents follows from extending the 889 

properties of integer exponents to those values, allowing for a notation for radicals in terms of 890 
rational exponents. For example, we define 51/3 to be the cube root of 5 because we want 891 
(51/3)3 = 5(1/3)3 to hold, so (51/3)3 must equal 5. 892 

2. Rewrite expressions involving radicals and rational exponents using the properties of exponents.  893 
 894 
Use properties of rational and irrational numbers. 895 
3. Explain why the sum or product of two rational numbers is rational; that the sum of a rational 896 

number and an irrational number is irrational; and that the product of a nonzero rational number 897 
and an irrational number is irrational. 898 

 899 
The Complex Number System                N-CN 900 
Perform arithmetic operations with complex numbers. [i2 as highest power of i] 901 
1. Know there is a complex number i such that 

 

i 2  = −1, and every complex number has the form 902 
a + bi with a and b real.  903 

2. Use the relation 

 

i 2  = –1 and the commutative, associative, and distributive properties to add, 904 
subtract, and multiply complex numbers.  905 

 906 
Use complex numbers in polynomial identities and equations. [Quadratics with real coefficients] 907 
7. Solve quadratic equations with real coefficients that have complex solutions.  908 
8. (+) Extend polynomial identities to the complex numbers. For example, rewrite x2 + 4 as 909 

(x + 2i)(x – 2i).  910 
9. (+) Know the Fundamental Theorem of Algebra; show that it is true for quadratic polynomials.  911 
 912 

Algebra 913 
Seeing Structure in Expressions              A-SSE 914 
Interpret the structure of expressions. [Quadratic and exponential] 915 
1. Interpret expressions that represent a quantity in terms of its context.  916 
 a. Interpret parts of an expression, such as terms, factors, and coefficients.  917 
 b. Interpret complicated expressions by viewing one or more of their parts as a single entity. For 918 

example, interpret P(1 + r)n as the product of P and a factor not depending on P.   919 
2. Use the structure of an expression to identify ways to rewrite it. For example, see x4 – y4 as 920 

(x2)2 – (y2)2, thus recognizing it as a difference of squares that can be factored as (x2 – y2)(x2 + 921 
y2).  922 

 923 
Write expressions in equivalent forms to solve problems. [Quadratic and exponential] 924 
3. Choose and produce an equivalent form of an expression to reveal and explain properties of the 925 

quantity represented by the expression.  926 
 a. Factor a quadratic expression to reveal the zeros of the function it defines.  927 
 b. Complete the square in a quadratic expression to reveal the maximum or minimum value of 928 

the function it defines.  929 
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 c. Use the properties of exponents to transform expressions for exponential functions. For 930 
example, the expression 1.15t can be rewritten as (1.151/12)12t ≈ 1.01212t to reveal the 931 
approximate equivalent monthly interest rate if the annual rate is 15%. 932 

 933 
 934 
Arithmetic with Polynomials and Rational Expressions           A-APR 935 
Perform arithmetic operations on polynomials. [Polynomials that simplify to quadratics] 936 
1. Understand that polynomials form a system analogous to the integers, namely, they are closed 937 

under the operations of addition, subtraction, and multiplication; add, subtract, and multiply 938 
polynomials. 939 

 940 
Creating Equations                A-CED 941 
Create equations that describe numbers or relationships.  942 
1. Create equations and inequalities in one variable including ones with absolute value and use 943 

them to solve problems. Include equations arising from linear and quadratic functions, and simple 944 
rational and exponential functions. CA  945 

2. Create equations in two or more variables to represent relationships between quantities; graph 946 
equations on coordinate axes with labels and scales.  947 

4. Rearrange formulas to highlight a quantity of interest, using the same reasoning as in solving 948 
equations.  [Include formulas involving quadratic terms.] 949 

 950 
 951 
Reasoning with Equations and Inequalities              A-REI 952 
Solve equations and inequalities in one variable. [Quadratics with real coefficients] 953 
4. Solve quadratic equations in one variable.  954 
 a. Use the method of completing the square to transform any quadratic equation in x into an 955 

equation of the form (x – p)2 = q that has the same solutions. Derive the quadratic formula from 956 
this form.  957 

 b. Solve quadratic equations by inspection (e.g., for x2 = 49), taking square roots, completing 958 
the square, the quadratic formula, and factoring, as appropriate to the initial form of the equation. 959 
Recognize when the quadratic formula gives complex solutions and write them as a ± bi for real 960 
numbers a and b.  961 

 962 
Solve systems of equations. [Linear-quadratic systems.] 963 
7. Solve a simple system consisting of a linear equation and a quadratic equation in two variables 964 

algebraically and graphically. For example, find the points of intersection between the line y = –3x 965 
and the circle x2 + y2 = 3. 966 

 967 
Functions 968 
Interpreting Functions         F-IF 969 
Interpret functions that arise in applications in terms of the context. [Quadratic] 970 
4. For a function that models a relationship between two quantities, interpret key features of graphs 971 

and tables in terms of the quantities, and sketch graphs showing key features given a verbal 972 
description of the relationship. Key features include: intercepts; intervals where the function is 973 
increasing, decreasing, positive, or negative; relative maximums and minimums; symmetries; end 974 
behavior; and periodicity.   975 

5. Relate the domain of a function to its graph and, where applicable, to the quantitative relationship 976 
it describes. 977 
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6. Calculate and interpret the average rate of change of a function (presented symbolically or as a 978 
table) over a specified interval. Estimate the rate of change from a graph.   979 

 980 
Analyze functions using different representations. [Linear, exponential, quadratic, absolute value, step, piecewise-981 
defined] 982 
7. Graph functions expressed symbolically and show key features of the graph, by hand in simple 983 

cases and using technology for more complicated cases.  984 
a. Graph linear and quadratic functions and show intercepts, maxima, and minima.  985 
b. Graph square root, cube root, and piecewise-defined functions, including step functions and 986 

absolute value functions.  987 
8. Write a function defined by an expression in different but equivalent forms to reveal and explain 988 

different properties of the function. 989 
a. Use the process of factoring and completing the square in a quadratic function to show zeros, 990 

extreme values, and symmetry of the graph, and interpret these in terms of a context.  991 
b. Use the properties of exponents to interpret expressions for exponential functions. For 992 

example, identify percent rate of change in functions such as y = (1.02)t, y = (0.97)t, 993 
y = (1.01)12t, and y = (1.2)t/10, and classify them as representing exponential growth or decay. 994 

9. Compare properties of two functions each represented in a different way (algebraically, 995 
graphically, numerically in tables, or by verbal descriptions). For example, given a graph of one 996 
quadratic function and an algebraic expression for another, say which has the larger maximum.  997 

 998 
Building Functions                   F-BF 999 
Build a function that models a relationship between two quantities. [Quadratic and exponential] 1000 
1. Write a function that describes a relationship between two quantities.  1001 

a. Determine an explicit expression, a recursive process, or steps for calculation from a context. 1002 
  1003 

b. Combine standard function types using arithmetic operations.  1004 
 1005 
Build new functions from existing functions. [Quadratic, absolute value]  1006 
3. Identify the effect on the graph of replacing f(x) by f(x) + k, kf(x), f(kx), and f(x + k) for specific 1007 

values of k (both positive and negative); find the value of k given the graphs. Experiment with 1008 
cases and illustrate an explanation of the effects on the graph using technology. Include 1009 
recognizing even and odd functions from their graphs and algebraic expressions for them. 1010 

4. Find inverse functions. 1011 
a. Solve an equation of the form f(x) = c for a simple function f that has an inverse and write an 1012 

expression for the inverse. For example, f(x) =2x3. 1013 
 1014 
Linear, Quadratic, and Exponential Models               F-LE 1015 
Construct and compare linear, quadratic, and exponential models and solve problems. [Include 1016 
quadratic.] 1017 
3. Observe using graphs and tables that a quantity increasing exponentially eventually exceeds a 1018 

quantity increasing linearly, quadratically, or (more generally) as a polynomial function.  1019 
 1020 
Interpret expressions for functions in terms of the situation they model. 1021 
6.  Apply quadratic functions to physical problems, such as the motion of an object under the 1022 

force of gravity. CA  1023 
  1024 
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Trigonometric Functions                   F-TF 1025 
Prove and apply trigonometric identities. 1026 
8.   Prove the Pythagorean identity sin2(θ) + cos2(θ) = 1 and use it to find sin(θ), cos(θ), or tan(θ) 1027 

given sin(θ), cos(θ), or tan(θ) and the quadrant. 1028 

 1029 
Geometry 1030 
Congruence                   G-CO 1031 
Prove geometric theorems. [Focus on validity of underlying reasoning while using variety of ways of writing proofs.] 1032 
9. Prove theorems about lines and angles. Theorems include: vertical angles are congruent; when a 1033 

transversal crosses parallel lines, alternate interior angles are congruent and corresponding 1034 
angles are congruent; points on a perpendicular bisector of a line segment are exactly those 1035 
equidistant from the segment’s endpoints 1036 

10. Prove theorems about triangles. Theorems include: measures of interior angles of a triangle sum 1037 
to 180°; base angles of isosceles triangles are congruent; the segment joining midpoints of two 1038 
sides of a triangle is parallel to the third side and half the length; the medians of a triangle meet at 1039 
a point.  1040 

11. Prove theorems about parallelograms. Theorems include: opposite sides are congruent, opposite 1041 
angles are congruent, the diagonals of a parallelogram bisect each other, and conversely, 1042 
rectangles are parallelograms with congruent diagonals. 1043 

 1044 
 1045 
Similarity, Right Triangles, and Trigonometry            G-SRT 1046 
Understand similarity in terms of similarity transformations. 1047 
1. Verify experimentally the properties of dilations given by a center and a scale factor: 1048 

a. A dilation takes a line not passing through the center of the dilation to a parallel line, and 1049 
leaves a line passing through the center unchanged. 1050 

b. The dilation of a line segment is longer or shorter in the ratio given by the scale factor.  1051 
2. Given two figures, use the definition of similarity in terms of similarity transformations to decide if 1052 

they are similar; explain using similarity transformations the meaning of similarity for triangles as 1053 
the equality of all corresponding pairs of angles and the proportionality of all corresponding pairs 1054 
of sides.  1055 

3. Use the properties of similarity transformations to establish the Angle-Angle (AA) criterion for two 1056 
triangles to be similar.  1057 

 1058 
Prove theorems involving similarity. [Focus on validity of underlying reasoning while using variety of formats.] 1059 
4. Prove theorems about triangles. Theorems include: a line parallel to one side of a triangle divides 1060 

the other two proportionally, and conversely; the Pythagorean Theorem proved using triangle 1061 
similarity.  1062 

5. Use congruence and similarity criteria for triangles to solve problems and to prove relationships in 1063 
geometric figures.  1064 

 1065 
Define trigonometric ratios and solve problems involving right triangles. 1066 
6. Understand that by similarity, side ratios in right triangles are properties of the angles in the 1067 

triangle, leading to definitions of trigonometric ratios for acute angles.  1068 
7. Explain and use the relationship between the sine and cosine of complementary angles.  1069 
8. Use trigonometric ratios and the Pythagorean Theorem to solve right triangles in applied 1070 

problems.  1071 
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8.1  Derive and use the trigonometric ratios for special right triangles (30°, 60°, 90°and 45°, 45°, 1072 
90°). CA 1073 

 1074 
Circles           G-C 1075 
Understand and apply theorems about circles. 1076 
1. Prove that all circles are similar. 1077 
2. Identify and describe relationships among inscribed angles, radii, and chords. Include the 1078 

relationship between central, inscribed, and circumscribed angles; inscribed angles on a diameter 1079 
are right angles; the radius of a circle is perpendicular to the tangent where the radius intersects 1080 
the circle.  1081 

3. Construct the inscribed and circumscribed circles of a triangle, and prove properties of angles for 1082 
a quadrilateral inscribed in a circle. 1083 

4. (+) Construct a tangent line from a point outside a given circle to the circle. 1084 
 1085 
Find arc lengths and areas of sectors of circles. [Radian introduced only as unit of measure]  1086 
5. Derive using similarity the fact that the length of the arc intercepted by an angle is proportional to 1087 

the radius, and define the radian measure of the angle as the constant of proportionality; derive 1088 
the formula for the area of a sector. Convert between degrees and radians.  CA 1089 

 1090 
 1091 
Expressing Geometric Properties with Equations           G-GPE 1092 
Translate between the geometric description and the equation for a conic section. 1093 
1. Derive the equation of a circle of given center and radius using the Pythagorean Theorem; 1094 

complete the square to find the center and radius of a circle given by an equation. 1095 
2. Derive the equation of a parabola given a focus and directrix. 1096 
 1097 
Use coordinates to prove simple geometric theorems algebraically. 1098 
4. Use coordinates to prove simple geometric theorems algebraically. For example, prove or 1099 

disprove that a figure defined by four given points in the coordinate plane is a rectangle; prove or 1100 
disprove that the point (1, 3 ) lies on the circle centered at the origin and containing the 1101 
point (0, 2). [Include simple circle theorems.] 1102 

6.  Find the point on a directed line segment between two given points that partitions the segment in 1103 
a given ratio. 1104 

 1105 
Geometric Measurement and Dimension                       G-GMD 1106 
Explain volume formulas and use them to solve problems. 1107 
1. Give an informal argument for the formulas for the circumference of a circle, area of a circle, 1108 

volume of a cylinder, pyramid, and cone. Use dissection arguments, Cavalieri’s principle, and 1109 
informal limit arguments. 1110 

3. Use volume formulas for cylinders, pyramids, cones, and spheres to solve problems.  1111 
5.  Know that the effect of a scale factor k greater than zero on length, area, and volume is to 1112 

multiply each by k, k², and k³, respectively; determine length, area and volume measures 1113 
using scale factors. CA  1114 

6. Verify experimentally that in a triangle, angles opposite longer sides are larger, sides 1115 
opposite larger angles are longer, and the sum of any two side lengths is greater than the 1116 
remaining side length; apply these relationships to solve real-world and mathematical 1117 
problems. CA 1118 
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 1119 
 1120 

 1121 

Statistics and Probability 1122 
Conditional Probability and the Rules of Probability              S-CP 1123 
Understand independence and conditional probability and use them to interpret data. [Link to data 1124 
from simulations or experiments.] 1125 
1. Describe events as subsets of a sample space (the set of outcomes) using characteristics (or 1126 

categories) of the outcomes, or as unions, intersections, or complements of other events (“or,” 1127 
“and,” “not”).  1128 

2. Understand that two events A and B are independent if the probability of A and B occurring 1129 
together is the product of their probabilities, and use this characterization to determine if they are 1130 
independent.   1131 

3. Understand the conditional probability of A given B as P(A and B)/P(B), and interpret 1132 
independence of A and B as saying that the conditional probability of A given B is the same as 1133 
the probability of A, and the conditional probability of B given A is the same as the probability 1134 
of B.   1135 

4. Construct and interpret two-way frequency tables of data when two categories are associated 1136 
with each object being classified. Use the two-way table as a sample space to decide if events 1137 
are independent and to approximate conditional probabilities. For example, collect data from a 1138 
random sample of students in your school on their favorite subject among math, science, and 1139 
English. Estimate the probability that a randomly selected student from your school will favor 1140 
science given that the student is in tenth grade.  Do the same for other subjects and compare the 1141 
results.   1142 

5. Recognize and explain the concepts of conditional probability and independence in everyday 1143 
language and everyday situations.  1144 

 1145 
Use the rules of probability to compute probabilities of compound events in a uniform probability 1146 
model.  1147 
6. Find the conditional probability of A given B as the fraction of B’s outcomes that also belong to A, 1148 

and interpret the answer in terms of the model.  1149 
7. Apply the Addition Rule, P(A or B) = P(A) + P(B) – P(A and B), and interpret the answer in terms 1150 

of the model.  1151 
8. (+) Apply the general Multiplication Rule in a uniform probability model, 1152 

P(A and B) = P(A)P(B|A) = P(B)P(A|B), and interpret the answer in terms of the model.  1153 
9. (+) Use permutations and combinations to compute probabilities of compound events and solve 1154 

problems.  1155 
 1156 
Using Probability to Make Decisions               S-MD 1157 
Use probability to evaluate outcomes of decisions. [Introductory; apply counting rules.] 1158 
6. (+) Use probabilities to make fair decisions (e.g., drawing by lots, using a random number 1159 

generator).  1160 
7. (+) Analyze decisions and strategies using probability concepts (e.g., product testing, medical 1161 

testing, pulling a hockey goalie at the end of a game).   1162 
 1163 

 1164 
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